Higher-order theories and radial basis functions applied to free vibration analysis of thin-walled beams 
Introduction
Vibration of slender bodies is an important topic in the design of aerospace, mechanical, and civil applications. The majority of classical theories, such as the Euler-Bernoulli beam model (EBBM) [1] , usually neglect the transverse shear and the rotatory inertia. EBBM yields reasonably good results when slender, solid, homogeneous structures are subjected to flexure. Conversely, in the case of deep beams where the thickness is not negligible, the Timoshenko model (TBM) [2, 3] is preferable since it assumes a uniform shear distribution along the cross-section of the beam together with the effects of rotatory inertia. However, according to Novozhilov [4] , the analysis of thin-walled, open section beams may require more sophisticated theories to achieve sufficiently accurate results.
Over the last century, many refined beam theories have been proposed to overcome the limitation of classical beam modelling. These approaches include the introduction of shear correction factors, the use of warping functions based on de Saint-Venant's solution, the variational asymptotic solution (VABS), the generalized beam theory (GBT), and others. Some selective references and noteworthy contributions are briefly discussed below, with particular attention to dynamic analysis.
Early investigators have focused on the use of appropriate shear corrections factors to increase the accuracy of classical formulations, see for examples Timoshenko and Goodier [5] , Sokolniko [6] ,
Stephen [7] , and Hutchinson [8] . However, in [9] , Jensen showed how the shear correction factor can vary with the natural frequencies. The works by El Fatmi [10, 11, 12] and Ladevéze et al. [13, 14] are some excellent examples of refined methods based on the use of warping functions. Rand [15] and Kim and White [16] used more or less the same approach in the free vibration analysis by introducing out-of-plane warping with no in-plane stretching terms. Asymptotic type expansion coupled with variational methods has also been proposed by Berdichevsky et al. [17] . Some further valuable contributions are by Volovoi [18] , Popescu and Hodges [19] , Yu et al. [20] , Yu and Hodges [21, 22] . The generalized beam theory (GBT) probably was originated from the work of Schardt [23, 24] and it improves classical beam theories by using piece-wise beam description of thin-walled sections. It has been widely employed and extended in various forms by Silvetre et al. [25, 26] and a dynamic application has been presented by Bebiano et al. [27] .
The present work is focused on 1D higher-order theories based on the Carrera Unified Formulation (CUF) to carry out free vibration analysis of solid and thin-walled structures. CUF is well established in the literature for over a decade [28, 29, 30, 31] and it is a hierarchical formulation that considers the order of the model, N , as a free-parameter (i.e. as an input) of the analysis or in other words, refined models are obtained without having the need for any ad hoc formulations. In the present work, beam theories using CUF are obtained on the basis of Taylor-type expansions (TE). EBBM and TBM can be obtained as particular cases. The strength of CUF TE 1D models in dealing with arbitrary geometries, thin-walled structures and identifying local effects are well known for both static and free-vibration analysis [32, 33, 34, 35, 36] .
In majority of the papers on 1D CUF, the finite element method (FEM) has been used to handle arbitrary geometries and loading conditions. In the present work, the extension of Radial Basis Functions (RBFs) method to higher-order 1D CUF models is proposed. The use of alternative methods to the finite elements for the analysis of structures, such as the meshless methods based on collocation with RBFs, is attractive due to the absence of a mesh and the ease of the collocation techniques. In recent years, RBFs method showed excellent accuracy in the interpolation of data and functions. The RBFs method was first used by Hardy [37, 38] for the interpolation of geographical scattered data and later used by Kansa [39, 40] for the solution of partial differential equations.
Afterwards, Ferreira successfully applied RBFs to the analysis of beams and plates [41, 42] .
In this work, CUF is adopted to automatically build any-order beam theories. Then, the Principle of Virtual Displacements (PVD) is used to derive the differential governing equations and the associated natural boundary conditions for the generic N -order model. Next, by assuming harmonic oscillation, the equilibrium equations and the natural boundary conditions are formulated in the frequency domain. The resulting system of ordinary differential equations of second order with constant coefficients is subsequently solved by making use of collocation with Wendland's C 6 RBFs [43] . Finally, modal analyses of both solid and thin-walled structures are produced and compared by published literature and solid/shell models from the commercial code MSC Nastran.
1D Unified Formulation

Preliminaries
The adopted rectangular cartesian coordinate system is shown in Fig. 1 . Let us introduce the transposed displacement vector,
The cross-sectional plane of the structure is denoted by Ω, and the beam boundaries over y are 0 ≤ y ≤ L. In the case of small displacements with respect to a characteristic dimension in the plane of Ω, the strain -displacement relations are
where D contains linear differential operators. The expressions of this matrix can be found in [31] .
Constitutive laws are exploited to obtain stress components to give
The matrixC is explicitly given in [31] and it contains the material coefficientsC αβ , which depend on the Young's modulus, Poisson's ratio, and fiber orientation angle in the case of orthotropic material.
For the sake of brevity, the expressions for the coefficientsC αβ are not reported here, but can be found in standard texts, see for example Tsai [44] and Reddy [45] .
Within the framework of the CUF, the displacement field u(x, y, z; t) can be expressed as
where F τ are the functions of the coordinates x and z on the cross-section. u τ is the vector of the generalized displacements, M stands for the number of terms used in the expansion, and the repeated subscript, τ , indicates summation. The choice of F τ determines the class of the 1D CUF model that is required and subsequently to be adopted. TE (Taylor expansion) 1D CUF models consists of a Maclaurin series that uses the 2D polynomials x i z j as base of the F τ functions, where i and j are positive integers. For instance, the displacement field of the second-order (N = 2) TE model can be expressed as
The order N of the expansion is set as an input option of the analysis; the integer N is arbitrary and defines the order the beam theory.
An important feature of TE 1D CUF models is that classical beam theories can be obtained as special cases. For intance, the Timoshenko beam model (TBM) can be realised by using a suitable F τ expansion. Two conditions have to be imposed: (1) a first-order (N = 1) approximation kinematic field:
(2) the displacement components u x and u z have to be constant above the cross-section:
Classical theories and first-order models (N = 1) require the necessary assumption of reduced material stiffness coefficients to correct Poisson's locking (see [46] ). In this paper, Poisson's locking is corrected according to the method outlined by Carrera et al. [31] , where further details about TE models can be found.
Governing equations of the N-order TE model
The principle of virtual displacements is used to derive the equations of motion.
where L int stands for the strain energy and L ine is the work done by the inertial loadings. δ stands for the usual virtual variation operator. The virtual variation of the strain energy is rewritten using Eq.s (2), (3) and (4). After integrations by part, Eq. (8) becomes
where K τ s is the differential stiffness matrix and Π τ s is the matrix of the natural boundary conditions in the form of 3 × 3 fundamental nuclei. The components of K τ s are provided as follows in the case of isotropic material and they are referred to as K τ s (ij) , where i is the row number (i = 1, 2, 3) and j denotes the column number (j = 1, 2, 3)
The generic term E αβ τ, θ s, ζ above is a cross-sectional moment parameter
The suffix after the comma in Eq. (10) denotes the derivatives. As far as the natural boundary conditions are concerned, the components of Π τ s are
The virtual variation of the inertial work is given by
s dy (13) where M τ s is the fundamental nucleus of the mass matrix and double over dots stand as second derivative with respect to time (t). The components of matrix M τ s are
where
ρ is the material density. The derivation of the fundamental nuclei is not provided in this paper but it can be found in [31] in the case of both weak-and strong-form formulations.
The governing equations of the undamped dynamic problem can be written in the following compact form:
Letting P τ (y; t) = P xτ P yτ P zτ T to be the vector of the generalized forces applied at the ends of the beam, the natural boundary conditions are
For a fixed theory order N , Eq.s (16) and (17) have to be expanded using the indices τ and s in order to obtain the governing differential equations and the natural boundary conditions of the desired model.
In the case of harmonic motion, the solution of Eq. (16) is sought in the form
where U s (y) is the amplitude function of the motion, ω is an arbitrary circular or angular frequency, and i is √ −1. Equation (18) allows the formulation of the differential equilibrium equations and the natural boundary conditions in the frequency domain. Equations (16) and (17) can be rewritten as follows:
In Eq. (20) the load P τ (y; t) has been assumed harmonic with amplitude equal to P τ (y).
The Radial Basis Functions Method
Radial basis functions (RBFs) approximations are collocation schemes that can exploit accurate representations of the boundary, are easy to implement and can be spectrally accurate. In the framework of the RBFs method, the amplitude of the harmonically varying generalized displacement U s (y) is approximated with a linear combination of the radial basis functions φ i .
where y i is a finite set of n distinct points (centers) and y − y i 2 is the Euclidian distance r i , which in the case of 1D problems corresponds to |y − y i |. In Eq. (21), index i indicates summation.
Derivatives of U s (y) over y can be treated similarly.
In the present paper a Chebyshev grid distribution of points y i is used, which is known to be the best choice in terms of stability (see for example [47, 48, 49] ).
Several RBFs have been formulated over the years and they are covered in a large literature. In the present paper, locally supported Wendland's C 6 functions [43] are chosen as φ i
where c is a positive shape parameter. The shape parameter c is known to play a very important role in collocation with RBFs for approximating functions and solving partial differential equations, see for example [50, 51] . The accuracy of the solution can vary significantly depending on the choice of the shape parameter indeed. In the literature, several solutions for the evaluation of an optimal value of c have been proposed depending upon the number of nodes, the distance between the nodes and the type of the RBFs. For instance, in [52] a shape parameter inversely proportional to the square root of the number of grid points was proposed in the case of multiquadrics RBFs. However, finding a good value of the parameter c is not always an easy task. As specified in [53] , smaller values of c generally lead to higher accuracy. On the other hand, instable numerical solutions may occur as the value of c is decreased (see [54] ). In the present paper, a constant value of c is used and no optimization procedures are employed. An optimization technique, such as the one recently introduced by Fantuzzi et al. [55] , will be the subject of future work.
From a differential problem to a eigenvalue problem via RBFs
Let the domain of the problem be denoted by Γ and let ∂Γ be its boundary. We consider n I nodes in Γ and n B nodes on ∂Γ, with n = n I + n B . In the particular case of 1D beam theories as in this paper, n B = 2 (i.e. the two ends of the beam). By substituting Eq.s (21) and (22) into Eq. (19) , the differential equations of motion are reduced to a classical eigenvalue problem. For a node y j ∈ Γ, it reads:
where K τ sij and M τ sij are the 3 × 3 fundamental nuclei which contains the coefficients of the algebraic equations of motion. 
The components of matrix M τ sij are
In Eq.s (26) and (27) , φ ij stands for φ i (|y j − y i |). For a given theory order N , the eigenvalue problem describing the motion of the beam in free vibration is obtained by expanding K τ sij and M τ sij for τ = 1, 2, ..., (N + 1)(N + 2)/2, s = 1, 2, ..., (N + 1)(N + 2)/2, i = 1, ..., n, and j = 1, ..., n I .
where the superscript I denotes the fact that Eq. (28) applies in Γ. In a similar way, the natural boundary conditions can be written in algebraic form by substituting Eq.s (21) and (22) into Eq. (20) .
For a node y j ∈ ∂Γ, it reads:
where the components of the fundamental nucleus B τ sij are as follows:
For a given expansion order N , the natural boundary conditions can be obtained in the form of Once matrices K I , M I , and B B are obtained, the final eigenvalue problem can be solved
where α k is the k-th eigenvector. It is well known that some RBFs produces ill-conditioned matrices and this problem increases as the number of grid points rises. Some authors reduce the conditioning number by using preconditioners, see [56] . Moreover, the present work shows that, increasing the expansion order N , the problem can be severely ill-conditioned. However, scaling the matrices K I and M I as well as the matrix of natural (not essential) boundary conditions B B by the maximum coefficient of the stiffness matrix itself, was sufficient to obtain a well-conditioned problem for each case considered. Nevertheless, in order to further improve the accuracy of the solution, the generalized displacements on the boundary centers could be condensed with respect to those on the internal nodes, as presented in [57] .
Numerical Results
A number of structural problems were considered and the results are discussed in this section. First, free vibration of beams with square cross-section are addressed. Both opened and closed thin-walled structures are subsequently considered so as to show the higher-order capabilities of the present models. The results by the present RBFs method are compared with reference solutions from the literature together with the results obtained from the finite element commercial code MSC Nastran.
In all the results below, we use a constant shape parameter c = 2.4 L , where L is the length of the beam. Our numerical experience shows that this value of the shape parameter produces accurate results. However, the use of an optimization technique will be the subject of a forthcoming work.
Square cross-section
A beam with the cross-section shown in Fig. 2 is considered as the first assessment. The crosssection is square with sides b = h = 0.2 m. The structure is made of an aluminium alloy with Young's modulus E equal to 75 GPa, Poisson's ratio ν = 0.33, and density ρ = 2700 Kg/m 3 .
First the influence of the number of nodes is investigated. Fig. 3 shows the first bending and torsional natural frequencies versus the number of collocation points for the second-order (N = 2) model of a clamped-free (CF) beam with length-to-height ratio, L/h, equal to 10. In Fig. 3 , the natural periods computed through the present RBFs method are compared to the exact solution from [36] and they are given in non-dimensional form.
Good solutions are found by using 37 points, which is the value of n used in the following analyses. Table 1 shows the first two bending and torsional natural frequencies for the same beam considered in the convergence study above. Classical TBM and up-to-fifth-order (N = 5) refined beam models are addressed. The results by the present CUF-RBFs models are compared to exact refined CUF beam solutions from [36] and a MSC Nastran FE solid model, which is referred to as NAS3D.
The NAS3D model was constructed by using a mesh of 24 × 24 × 24 8-node CHEXA solid elements.
In [36, 58, 58] , the Dynamic Stiffness Method (DSM) was used to solve in exact form the equations of motion of CUF beam models. However, the main drawback of the DSM is that it results in a transcendental non-linear eigenvalue problem and iterative algorithms (e.g. Wittrick-Williams algorithm) are needed. On the other hand, the proposed RBFs method results in a common linear eigenvalue problem, whose resolution is extremely fast. Figure 4 shows the modes under consideration according to the fifth-order CUF-RBFs model (N = 5).
The results by CUF beam models are in good agreement with the MSC Nastran 3D elasticity FEM model. It is additionally shown that RBFs gives good results when applied to 1D CUF models.
Although the shape parameter c is known from the literature to be dependant on the geometrical and mechanical properties of the problem, it is shown in the present analysis that, once the shape parameter c has been chosen, both torsional and bending modes exhibit a good convergence versus the number of collocation points n. Moreover, the results show that for the problem considered good results are obtained for a value of c equal to 2.4 L , which is demonstrated to be independent on the expansion order of the beam theory.
Open thin-walled beams
A beam with a C-shaped cross-section is addressed as the second example. The geometry of the cross-section is shown in Table 2 for clamped-clamped (CC) boundary conditions. In Table 2 the first 10 modes are considered together with the number of the degrees of freedom (DOFs) for each model, and the results by the present method are compared with the results by 1D, 2D, and 3D MSC Nastran FE models. In particular, the model denoted as NAS1D in column 9, was obtained by using 50 CBAR beam elements. The NAS2D model was constructed by using 3000 4-node CQUAD MSC Nastran plate elements, whereas the NAS3D model was made of 112 8-node CHEXA solid elements on the cross-section with aspect-ratio equal to 2. In Table 2 The shown results clearly demonstrate the efficiency of the present models, which are able to deal with shell-and solid-like phenomena with a very low number of DOFs. It is clear that higherorder models are able to deal with torsional, local shell-like as well as coupling effects in accordance with NAS2D and NAS3D models. On the other hand, classical and lower-order beam models are sufficient to characterize pure bending modes (e.g. Mode 2). It is further shown that the present RBFs method gives good accuracy and stability when applied to higher-order models, even if very high expansion orders are considered. Instability problems only occurred when considering higher than eight-order models. Nevertheless, an optimization procedure of the shape parameter c -which is considered to be constant and equal to 2.4 L in the present paper -could give us the possibility to further enrich the displacement field so that to enhance the solution.
The thin-walled Z-shaped cross-section of Fig. 7 is further considered. The height of the crosssection is h = 0.3 m, whereas the length of each horizontal flange is equal to b = 0.2 m. The thickness of both the flanges and the vertical web is t = 0.005 m. The beam is subjected to clamped-free (CF) boundary conditions and it has length equal to 3 m. A homogeneous steel alloy with E = 206 GPa, ν = 0.3, and ρ = 7800 Kg/m 3 is considered for this problem.
The first natural frequencies for each model implemented are shown in Table 3 , where also the number of DOFs is given. In Table 3 the natural frequencies related to the first bending, the first torsional, and the first two local flanges modes are given and the results by the present methodology are compared with those from a 2D MSC Nastran model made by 5251 4-node CQUAD elements.
The mode shapes by the present eight-order N = 8 beam model are shown in Fig. 8 .
The results provided by the present CUF beam models were obtained by using c = 2.4 L and n = 33. The analysis once again highlights the capability of the present beam theories to deal with higher-order and localized phenomena. In fact, results in good agreement with NAS2D model were found with very low DOFs. As in the previous analysis case, better results could be found by further increasing the expansion order N but this would require appropriate optimization techniques of the RBFs shape parameter.
Thin-walled cylinder
A thin-walled cylinder is considered as the final example to further highlight the higher-order capabilities of the present formulation. The cross-section geometry is shown in Fig. 9 . The cylinder has the outer diameter d equal to 2 m, thickness t = 0.02 m, and length L = 20 m. The structure is made of the same metallic material as in the first example, i.e. E = 75 GPa, ν = 0.33, and ρ = 2700
Kg/m 3 . For the problem under consideration a number of points n equal to 31 was used along the y-axis direction. Table 4 show the natural frequencies of the thin-walled cylinder for different boundary conditions.
In particular, free-free (FF), clamped-free (CF), clamped-clamped (CC), as well as simply-supported (SS) ends were considered. Both classical TBM and higher-order CUF beam models are shown in Table 4 , where the results by the present RBFs-based method are compared to exact higher-order beam models and MSC Nastran 2D FE shell solutions from [36] . It is shown that classical and lower-order beam models are able to capture bending and torsional modes, whereas 1D higher-order theories are mandatory in order to detect local shell-like modes in accordance with 2D solutions. Figure 10 shows the percentage error between the present RBFs method and exact reference solution from [36] . In Fig. 10 the first bending, torsional, and shell-like modes for different expansion orders N and boundary conditions are considered. It is shown that, for fixed values of the parameters c and n, bending and torsional modes exhibit a good convergence for all the boundary conditions and theory order considered. On the other hand, shell-like modes become instable if higher than fourth-order (N = 4) models and CF or F F boundary conditions are examined. This is the reason why in Table 4 only up to N = 4 models are considered for those boundary conditions. However, the authors are confident that an optimization procedure on parameters c and n will overcome the issue.
To conclude, Fig. 11 shows the first two bending, shell-like, and torsional mode shapes of the cylinder with CC boundary conditions in order to further underline the 3D capabilities of the present theories.
Conclusions
An higher-order beam formulation has been developed by using the CUF, which allows for the for- Table 2 : Natural frequencies (Hz) of the CC C-shaped beam, c = 2.4 L , n = 33 
